Systems of coupled oscillators possess a wealth of interesting and useful nonlinear dynamical phenomena. Arrays of coupled oscillators have been used to model complicated biological and neural activity, and have proved useful in power-combining applications. The analysis of such arrays is difficult, and has generally been restricted to the case where all oscillators are synchronized to a common frequency through the phenomenon of injection locking. When the natural (or free-running) frequencies are very widely distributed, this mutual synchronization is impossible, and the system can exhibit chaotic behavior. However, by carefully choosing the frequency distribution, a stable mode-locked state can be established in which the collective output of the oscillator array consists of a train of pulses, similar to a mode-locked laser. Due to the different physical mechanisms involved, and due to a spatial as well as spectral separation of the oscillators, the mode-locked array exhibits new phenomena not present in mode-locked lasers. A theory describing the coupled-oscillator dynamics is developed to explore these new effects, and the theory is amply supported with empirical evidence obtained with a linear array of Gunn diode oscillators operating at 11 GHz.
INTRODUCTION beam has been patented,5P6 but previous proposed imple-
The combined output of an ensemble of oscillators provides a means of circumventing the low-power handling capabilities of millimeter and microwave semiconductor devices. Quasi-optical combining techniques' are well suited to this task. To date, several arrays of oscillators have been constructed which lock to a single frequency. 2'3 In one such array, each oscillator in the system is embedded in a printed radiating structure, such that the power combining takes place in the free space above the array. The elements are allowed to interact through weak radiative coupling mechanisms to synchronize frequency and phase relationships. The total output power from such an array is close to N times the power of a single element, where N is the number of devices in the array. Recently results have shown that high-power pulses can be generated by arranging the frequencies of each oscillator to give a spectrum with equally spaced components.4 As will be shown, mutual coupling between the array elements helps establish and maintain this mode of operation. This has been referred to as a "mode-locked" system, after an analogous situation in lasers. 2 Further experimentation on this system has revealed that the pulse train is effectively scanned above the array. This scanning phenomenon follows directly from modelocking theory and elementary array theory, and is a consequence of the spatial separation of the oscillators. The scan coverage is determined by the oscillator separation, while the pulse repetition frequency is determined by the spacing of the spectral components. The concept of using equally spaced output frequencies to produce a scanning E mentations rely on a complex upconvertor, followed by a demultiplexer and multiple feed system. ' On the other hand, the mode-locked oscillator array could potentially function as a compact transmitter in a phased-array radar application, without the need for additional complex hardware. In addition, since the individual elements are operating in a cw mode, there are no thermal restrictions on the pulse repetition frequencies and no need for injection priming of the array.
II. MODE-LOCKING BASICS
The theory of mode locking in lasers is well established;* a quick summary of the basics will be given here. In similar fashion to the laser case, the output of an array of N = 2n + 1 oscillators can be written as
When the oscillator frequencies and phases are set according to tii= 00 -iAw, i = -n ,..., n,
where Aw and .A+ are constants, and when the amplitudes are the same, Et = Eo, then ( 1) can be written as (2) . These can be used to injection-lock other oscillators.
. . '. which has the form of a carrier signal at frequency w. modulated by a periodic train of pulses, with pulse repetition frequency Aw. The peak power in each pulse is found to be Eti2, or N2 times the available power from a single element. Note that the phase difference A$ has the effect of shifting the pulse train in time. This paper describes an approach for' obtaining a mode-locked system, using an array of coupled microwave oscillators. The goal is to coax the array into a condition which satisfies Eqs. (2) . Using a simple theory which was developed to describe the coupled oscillator dynamics, it has been shown that by properly adjusting the oscillator frequencies, both conditions (2) can be automatically satisfied. This result is subject to certain constraints on such parameters as the coupling mechanism and frequency separation, and will be discussed later. Before doing this, a qualitative description of operation for a mode-locked-array will be presented. This is intended to offer an alternative, somewhat more insightful explanation of the mode of operation, as well as a description of the pulse-scanning mechanism.
III. QUALITATIVE DESCRIPTION OF OPERATION
When an external signal is injected into anoscillator which is outside the locking bandwidth of the oscillator, a spectrum of frequencies due to beating effects is produced. This effect has been discussed by several authors.'-" The additional frequencies are equahy spaced by an amount proportional to the difference in the injected and free-running frequencies of the oscillator. In addition, Armand12 has shown that there is also a constant phase progression among these additional spectral components. In other words, the pulled oscillator spectrum satisfies the conditions (2) . A similar but double-sided spectrum is obtained for two coupled oscillators, as shown in Fig. 1 . The idea behind the mode-locked array is to use the additional spectral components arising from the mutual pulling effects to injection-lock other oscillators in the system. In this way, the two key requirements for mode locking (2) can be .enforced.
This idea has been verified experimentally.4 The measured output .signal power envelope for an experimental linear array of five oscillators is shown in Fig. 2 . This measurement was made using a high-speed sampling oscilloscope, with the 11-GHz carrier removed using an envelope detection feature. Also shown for.comparison is the theoretical expression (3 ) for five equal amplitude oscillators, with good agreement observed between the theory and measurement.
When the individual oscillators are spatially separated at distances comparable to a wavelength (at the carrier frequency), the pulse train is constantly scanned in the space above the array. Referring to Fig. 3 , the total electric field above the array can be written as E(r,B,t) = ? EjG(6) expCj[(qt+ ~i+~Wll), (4) is --n where /co is the free-space propagation constant, G (0) is the amplitude gain function of each antenna element, and
Linear array trigonometry. The observation point (r,e) is assumed to be in the far field. As f3 is varied, the apparent phase progression on the array is changed, which eff&tively shifts the pulse in time (3). In other words, the pulse is constantly scanned through the space above the array.
FIG. 4. Polar antenna plot simulating pulse scanning for a five-element mode-locked array, using patch antennas. The elements are spaced onehalf wavelength apart. Only the main lobes have been drawn for clarity at equally spaced time increments over one cycle.
PIG. 5. Simple circuit model for a single oscillator. The device is represented by a lumped negative resistance. A single-tuned resonant circuit is assumed so that harmonic effects will be minimal. The source Vi4 accounts for interactions with neighboring oscillators. _ signal present this parameter is nonzero to accommodate the additional energy being supplied to the circuit. For a series-tuned circuit, Al is the path difference given by Al = Ad sin 8. Assuming the conditions (2) and equal amplitudes gives the following expression:
Equation (5) has been plotted in Fig. 4 for a five-oscillator patch antenna array, at several time increments during one cycle of the pulse train. In this figure, a simple model for patch gain function has been assumed,13 and the element spacing is A>2, where Jo is the free-space wavelength. The pulse repetition frequency is Ama = 0.01~~. Note from (5) that the amount of scan coverage is determined by the element spacing Ad and the gain function G( 0). Jf all the oscillators were located at a single, point (Ad = 0), there would be no beam scanning.
where Q is the quality factor of the passive resonating circuit. The Q factor is assumed to be large enough (Q> 10) so that the output signal will be close to the natural resonant frequency of the'circuit, Vo=Ao(t> exp{j[wot+90(t)]}~AIoBOof. 
IV. COUPLED OSCILLATOR DYNAMICS
For an array of resonant radiating structures, a very simple circuit model has been found to adequately predict experimentally observed effects. The model consists of an active device, such as a Gunn diode, embedded in a series resonant circuit. It is assumed that the active device can be modeled by an effective negative resistance,, whose magnitude is amplitude dependent but frequency independent to first order. A schematic for this circuit is shown in Fig. 5 , where an additional source is included for externally injected signals. The circuit equation corresponding to Fig. 5 is (6) where Vo is the output voltage amplitude and Vinj is the injected signal due to neighboring oscillators. For convenience, let 6( Vo) L-1 -RJRL, where the dependence of the negative resistance on amplitude has been explicitly written. If Vinj = 0, then the oscillation condition would require 6( Vo> = 0, however, when there is an injected Equation (8b) is recognized as Adler's equation for injection locking. ' The negative resistance appearing in (8), via the term 6(Ao), is a time-averaged value described by 1 s T V,(f)
where V, and Id are the voltage and current at the terminals of the device. Consistent with the implicit assumptions of our circuit model, the simplest nonlinearity. which yields a sinusoidal oscillation is a cubic relationship between the current and voltage, which gives an approximate expression for the amplitude dependence of negative resistance as RJA)
= a -&A'. The amplitude dependence of negative resistance.is the mechanism responsible for the amplitude limiting of any real oscillator. Normalizing this expression such that the free-running oscillations occur when A0 = 1 gives , Van der Pol equation.i4 In the following discussions, (9) will be used to represent the amplitude dependance, and p is taken as an empirically determined quantity. For a coupled system of such oscillators, the coupling between elements can be described by a complex coupling coefficient, K, where Kg&r/ exp ( -j@,) for the coupling between oscillators i and j in the system. Reciprocity is assumed in the following discussion (K~ = KJ. The injected signal seen by the ith oscillator is then (10) Experiments have indicated that nearest-neighbor interactions among oscillators in a radiatively coupled system are the most important, as depicted in Fig. 6 . Assuming the coupling to be the same between adjacent oscillators in the system yields ;1,=;1 and Q>ij=cP. Using this simplification, and writing out S(AJ explicitly, simplifies ( 10) to
Xsin(@ + 19~ -0,), i = 1,2 ,..., N.
(11) The relative phase differences between the oscillators is of most interest, SO let AOiSei -Bi _ 1 and Awiswi -Wi-1. Furthermore, note that Eqs. ( 11) are only valid to first order in l/Q, and for Atii ( C+ Under these assumptions the quantity wi/2Q is approximately the same for every oscillator. Decking p'=yoa/2Q and ;1'zz,%.wd2Q, where w. is an average frequency for the oscillator ensemble, and where A0 -AN+ 1 = 0 is assumed. For/z = 0 the oscillators are uncoupled, and (12) reduces to a set of isolated limit cycle oscillators with amplitudes Ai =: 1 and frequencies ok Equation (12b) can be considered a modified version of Adler's equation. For loose coupling and a narrow distribution of oscillator frequencies, the amplitudes will remain close to the free-running values, and the oscillator dynamics will be essentially governed by ( 12b). In this case-all of the oscillators in the system may lock to a single frequency, associated with stable, fixed points of ( 12b).15 This situation has been considered by several authors,1G '9 and is very useful for power-combining applications. The parameter 2 in (12) is closely related to the locking bandwidth of the oscillators. Thus for widely varying oscillator frequencies such that A.oi > il', the oscillators may not lock to a single frequency. In this case the amplitude dynamics described by (12a) cannot be ignored, and both Ai and A8i will be functions of time in the steady state. This is the regime in which mode locking can occur.
V. COMPUTER SI@JLATIONS
The second term on the right-hand side of (12b) gives the nonlinear frequency corrections due to the mutual pulling effects of the oscillators. Previous experiments4 indicate that if the set of frequencies wi are chosen properly, then the system of oscillators will settle into a mode-locked state in which the conditions (2) for mode locking are satisfied. A direct analytical solution of (12) has not yet been carried out, but computer simulations have been performed which corroborate the measurements, indicating the validity of the model. Attention will be restricted to a system of three coupled oscillators, as this is the simplest and easiest situation-for both simulation and measurement-which preserves the salient features of mode locking. 
In the following, only the envelope of ( 13) will be presented for clarity, and this is obtained by removing the carrier frequency, fe. Output waveform envelope for these three cases. When the frequency separation is reduced to 15 MHz, the output waveform changes considerably. The phase trajectory for this case indicates that the first two oscillators have, on the average, the same frequency.
= 50 MHz and several values of the coupling phase angle, @. For this frequency separation the mutual pulling effects are fairly weak, but strong enough to enforce mode locking. The output waveform is observed to be critically dependent on the value of the coupling phase angle. For @ = 0 the output envelope bears little resemblance to the desired pulse train, due to the destructive behavior of the phases. By varying Q> a nearly ideal three-mode pulse envelope (3) was generated when @ = 60". The mode-locked waveform is also greatly alfected by the frequency separation between the oscillators. Figure 8 illustrates this for three different values of Af, with @ held constant at CD = 45". As the frequency separation is reduced, mutual pulling effects between the oscillators increase. When the frequency separation reaches Af = 15 MHz, the phase plot and output waveform change significantly. In this case the phase trajectory indicates that the first two oscillators have, on the average, the same fundamental frequency, and the output waveform appears qualitatively similar to the expected output of two mode-locked oscillators. This is probably an observation of a "frequency plateau" as discussed by Ermentrout and Kopell.'8 If the frequency separation is reduced further, the oscillators will all lock to the same frequency.
The oscillators tend to mode lock even if the free-running frequencies are not equally spaced, provided they were set sufficiently close to that situation. This was expected from the discussion of Sec. III, and was also observed experimentally.
These simulations indicate that a properly designed mode-locked array should have a coupling phase @~~60", with the mutual pulling effects kept as low as possible. The latter could be accomplished by increasing the frequency separation, increasing the oscillator Q factor, or decreasing the coupling strength, /2. This must be balanced against the ability to set the free-running frequencies of the oscillators, however, since weak interactions would require stricter control over the frequency distribution.
Stephan and Shillue2' have demonstrated a technique for measuring the oscillator coupling coefficient A exp( -j@) by relating it to the frequency shift observed as a vertical mirror is moved in proximity to the oscillator. 
Vi. EXPERIMENTAL RESULTS
An experimental three-element array was constructed using an active patch antenna configuration.21 This array is similar to the ones used in previous work,2P4 and is illustrated in Fig. 9 . The array was fabricated on a grounded dielectric substrate, with Gunn diodes mounted between the patch antenna and the ground plane/heat sink.
The elements are coupled in the E plane of the antennas, with each element exhibiting the radiation pattern shown in Fig. 10 for this polarization. Bias lines feed the diode at a low impedance point on the patch. Although little of the rf carrier is present on the bias line, the lowfrequency components corresponding to the pulse repetition frequency are present and can be used to derive a triggering signal for a high-speed sampling oscilloscope. This is done by capacitively coupling to the bias lines as shown. This trigger signal permits the pulse envelope to be viewed on the oscilloscope.
The measurement setup is shown in Fig. 11 . The mode-locking array is mounted on a computer-controlled stepper motor, which rotates the array in the plane of the. scanning (E plane of the array). A receiving horn is positioned in the far field above the array, and the received signal is viewed on both a spectrum analyzer and sampling oscilloscope (Tektronix CSA803). The trigger signal is independent of the array orientation, and therefore serves as a time reference for comparing the output waveforms at different scan angles. With this arrangement, the pulse is observed to shift in time on the oscilloscope screen as the array is rotated beneath the horn.
Self-mode-locking of the oscillators was established by adjusting the oscillation frequencies of each element (using the bias supplies) to give equally spaced spectral components.4 This can be done easily using a spectrum analyzer, and the end result for three oscillators is shown in Fig. 12 . Since the elements pull each other, this operation must be performed with all elements operating simultaneously. For this particular array, the frequency difference was constrained by the locking range of the oscillators to 50 MHz or more. Lower pulse repetition frequencies could be obtained by using high-Q oscillators, or by reducing the strength of the mutual interaction.
With the mode locking established, the waveforms shown in Fig. 13 were observed as the array was rotated. Theoretical curves calculated using (5) and the measured antenna gain (Fig. 10) are also shown in this figure, and agree exceptionally well with the measurements.
VII. CONCLUSIONS
By properly adjusting the individual oscillation frequencies in a collection of coupled oscillators, a "modelocked" pulse analogous to a similar situation in lasers is observed. When the oscillators are set in this way, the system automatically locks into this mode of operation, provided that the coupling mechanism and frequency separations are chosen properly. Furthermore, the pulse is constantly scanned through the space above the array if the elements are spaced far enough apart. A theoretical description of these phenomena has been developed and agrees well with experimental observations.
